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Abstract
This paper provides a new regularization method which is particularly suitable for linear exponentially
ill-posed problems. Under logarithmic source conditions (which have a natural interpretation in terms
of Sobolev spaces in the aforementioned context), concepts of qualifications as well as order optimal
rates of convergence are presented. Optimality results under general source conditions expressed in
terms of index functions are also studied.
Finally, numerical experiments on three test problems attest the better performance of the new
method compared to the well known Tikhonov method in instances of exponentially ill-posed problems.
Keywords: Ill-posed problems, Regularization, logarithmic source conditions, qualifications, order-
optimal rates.
1 Introduction
In this paper, we are interested in the solution to the equation
Tx = y (1)
where T : X → Y is a linear bounded operator between two infinite dimensional Hilbert spaces X
and Y with non-closed range. The data y belongs to the range of T and we assume that we only have
approximated data yδ satisfying
||yδ − y|| ≤ δ. (2)
In such a setting, Equation (1) is ill-posed in the sense that the Moore Penrose generalized inverse T †
of T which maps y to the best-approximate solution x† of (1) is not continuous. Consequently a little
perturbation on the data y may induce an arbitrarily large error in the solution x†. Instances of such
ill-posed inverse problems are encountered in several fields in applied sciences among which: signal and
image processing, computer tomography, immunology, satellite gradiometry, heat conduction problems,
inverse scattering problems, statistics and econometrics to name just a few (see, e.g. [11, 14, 20, 21, 31]).
As a result of the ill-posedness of Equation (1), a regularization method needs to be applied in order to
recover from the noisy data yδ a stable approximation xδ of the solution x†. A regularization method
can be regarded as a family of continuous operators Rα : Y → X such that there exists a function
Λ : R+ × Y → R+ satisfying the following: for every y ∈ D(T †) ⊂ Y and yδ ∈ Y satisfying (2)
RΛ(δ,yδ)y
δ → x† as δ ↓ 0. (3)
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1 Introduction 2
Some examples of regularizations methods are Tikhonov, Landweber, spectral cut-off, asymptotic
regularization, approximate inverse and mollification (see, e.g. [1, 7, 11, 21, 23, 24]). As a matter of
fact, we would like to get estimates on the error committed while approximating x† by xδ = RΛ(δ,yδ)yδ.
It is well known that for arbitrary x† ∈ X, the convergence of xδ towards x† is arbitrarily slow
(see, e.g. [11, 35]). But still, by allowing smoothness of the solution x†, convergence rates could be
established. Standard smoothness conditions known as Ho¨lder type source condition take the form
x† ∈ Xµ(ρ) = {(T ∗T )µw, w ∈ X s.t. ||w|| ≤ ρ} , (4)
where µ and ρ are two positive constants. However such source conditions have shown their limitations
as they are too restrictive in many problems and do not yield a natural interpretation. For this reason,
general source conditions have been introduced in the following form:
x† ∈ Xϕ(ρ) = {ϕ(T ∗T )w, w ∈ X s.t. ||w|| ≤ ρ} , (5)
where ρ is a positive constant and ϕ : [0, ||T ∗T ||] → R+ is an index function, i.e. a non-negative
monotonically increasing continuous function satisfying ϕ(λ) → 0 as λ ↓ 0. An interesting discussion
on these source conditions can be found in [29] where the author explores how general source conditions
of the form (5) are. Once the solution x† satisfies a smoothness condition i.e. x† belongs to a proper
subspace M of X, it is possible to derive convergence rates and the next challenge is about optimality.
More precisely, for a regularization method R : Y → X, we are interested in the worst case error:
∆(δ,R,M) := sup
{
||Ryδ − x†||, x† ∈M, yδ ∈ Y, s.t. ||yδ − Tx†|| ≤ δ
}
, (6)
and we would like a regularization which minimizes this worst case error. In this respect, a regular-
ization method R¯ : Y → X is said to be optimal if it achieves the minimum worst case error over all
regularization methods, i.e. if
∆(δ, R¯,M) = ∆(δ,M) := inf
R
∆(δ,R,M).
Similarly, a regularization is said to be order optimal if it achieves the minimum worst case error up
to a constant greater than one, i.e. if
∆(δ, R¯,M) ≤ C∆(δ,M).
for some constant C > 1. When the subset M is convex and balanced, it is shown in [30] that
ω(δ,M) ≤ ∆(δ,M) ≤ 2ω(δ,M), (7)
where ω(δ,M) is the modulus of continuity of the operator T over M i.e.
ω(δ,M) = sup {||x||, x ∈M, s.t. ||Tx|| ≤ δ} . (8)
In other words, we get the following:
∆(δ,Xϕ(ρ)) = O (ω(δ,Xϕ(ρ))) . (9)
Recall that, under mild assumptions on the index function ϕ, the supremum defining the modulus of
continuity is achieved and a simple expression of ω(δ,Xϕ(ρ)) in term of function ϕ is available (see, e.g.
[20, 28, 37]). Let us remind that a relevant notion in the study of optimality of a regularization method
is qualification. In fact, the qualification of a regularization measures the capability of the method
to take into account smoothness assumptions on the solution x†, i.e. the higher the qualification, the
more the method is able to provide best rates for very smooth solutions.
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Besides optimality, converse results and saturation results are also important aspects of regulariza-
tion algorithms (see, [11, 27, 33, 34]). For converse results, we are interested in the following: given a
particular convergence rate of ||xδ − x†|| towards 0, which smoothness condition does the solution x†
needs to satisfy? Saturation results are about the maximal smoothness on the solution x† for which a
regularization method can still deliver the best rates of convergence. Finally, another significant aspect
of regularization is the selection of the regularization parameter i.e. finding a function Λ(δ, yδ) which
guarantees convergence and possibly order-optimality.
Coming back to (5), notice that a very interesting subclass of general source conditions are loga-
rithmic source conditions expressed as:
x† ∈ Xfp(ρ) =
{
(− ln(T ∗T ))−pw, w ∈ X s.t. ||w|| ≤ ρ} , (10)
where p and ρ are positive constants and T satisfies ‖T ∗T‖ < 1. Such smoothness conditions have clear
interpretations in term of Sobolev spaces in exponentially ill-posed problems (see, e.g. [20, 37]). The
latter class includes several problems of great importance such as backward heat equation, sideways
heat equation, inverse problem in satellite gradiometry, control problem in heat equation, inverse
scattering problems and many others (see, [20]). Because of the importance of exponentially ill-posed
problems, it is desirable to design regularization methods particularly suitable for this class of problems.
It is precisely the aim of this paper to provide such a regularization scheme.
In the next section, we define the new regularization method using both the variational formulation
and the definition in terms of the so called generator function gα. A brief comparison with the Tikhonov
method is done. Moreover basic estimates on the generator function gα and its corresponding residual
function rα are also carried out.
Section 3 is devoted to optimality of the new method. Here we recall well known optimality results
under general source conditions of the form (5) (see, [19, 20, 28, 32, 37]). For the specific case of
logarithmic source conditions, qualification of the method is given and order optimality is shown.
Next we study optimality under general source conditions.
In Section 4, we present a comparative analysis of the new method with Tikhonov method, spectral
cut-off, asymptotic regularization and conjugate gradient.
Section 5 is about numerical illustrations. In this section, in order to confirm our prediction of better
performance of the new method compared to Tikhonov and spectral cut-off in instance of exponentially
ill-posed problems, we numerically compare the efficiency of the five regularization methods on three
test problems coming from literature: A problem of image reconstruction taken from [36], a Fredholm
integral equation of the first kind found in [2] and an inverse heat equation problem.
Finally in Section 6, for a fully applicability of the new method, we exhibit heuristic selection rules
which fit with the new regularization technique. Moreover, we also compare the five regularization
methods for each heuristic parameter choice rule under consideration.
2 The new regularization method
For the sake of simplicity, we assume henceforth that the operator T is injective. Hereafter, we set a
positive number a such that the operator norm of T ∗T is less than a i.e. ||T ∗T || ≤ a. In the sequel,
we assume that a < 1 which is always possible by scaling Equation (1).
Let us consider the general variational formulation of a regularization method
xα = argmin
x∈X
F (Tx, y) +P(x, α) (11)
where F (Tx, y) is the fit term, P(x, α) is the penalty term and α > 0 is the regularization parameter.
We recall that the fit term aims at fitting the model, the penalty term aims at introducing stability in
the initial model Tx = y and the regularization parameter α controls the level of regularization.
2 The new regularization method 4
In most cases, the fit term F (Tx, y) is nothing but
F (Tx, y) = ||Tx− y||2 (12)
and the penalty term depends on the regularization method. For instance, for Tikhonov regularization,
P(x, α) is given by
P(x, α) = α||x||2. (13)
This penalization can sometimes compromises the quality of the resulting approximate solution xα.
Indeed, let X = L2(Rn), then by Parseval identity, we see that
P(x, α) = α||xˆ||2L2(Rn) (14)
where xˆ is the Fourier transform of x. Equation (14) implies that the stability is introduced by
uniformly penalizing all frequency components irrespective of the magnitude of frequencies. Yet, it is
well known that the instability of the initial problem comes from high frequency components on the
contrary to low frequency components.
Let us introduce the following penalty term where the regularization parameter α is no more defined
as a weight but as an exponent:
P(x, α) =
∥∥∥[I − (T ∗T )√α]x∥∥∥2 . (15)
In (15), (T ∗T )
√
α is defined via the spectral family (Eλ)λ associated to the self-adjoint operator T
∗T
i.e.
(T ∗T )
√
αx =
∫ ||T ∗T ||+
λ=0
λ
√
α dEλx.
We keep the fit term defined in (12) and then the variational formulation of our new regularization
method is given by
xα = argmin
x∈X
||Tx− y||2 +
∥∥∥[I − (T ∗T )√α]x∥∥∥2 . (16)
From the first order optimality condition, we get that xα is the solution to the linear equation :[
T ∗T +
(
I − (T ∗T )
√
α
)2]
x = T ∗y,
that is,
xα =
[
T ∗T +
(
I − (T ∗T )
√
α
)2]−1
T ∗y. (17)
From (17), we see that the new method can also be defined via the so called generator function gα, i.e.
xα = gα(T
∗T )T ∗y, (18)
with the function gα defined by
gα(λ) =
1
λ+ (1− λ√α)2 , λ ∈ (0, ||T
∗T ||]. (19)
Let us also define the residual function rα corresponding to gα as follows
rα(λ) := 1− λgα(λ) = (1− λ
√
α)2
λ+ (1− λ√α)2 , λ ∈ (0, ||T
∗T ||]. (20)
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The functions gα and rα defined in (19) and (20) are important since they will be repeatedly used in
the convergence analysis of the regularization method. In fact, the regularization error x† − xα and
the propagated error xα − xδα are expressed via the functions rα and gα as follows:
x† − xα = rα(T ∗T )x†, xα − xδα = gα(T ∗T )T ∗(y − yδ).
Finally, notice that the function gα defined in (19) indeed satisfies the basic requirements for defining
a regularization method i.e.
a) gα is continuous,
b) ∀α > 0, supλ∈(0,||T ∗T ||] λgα(λ) ≤ 1 <∞,
c) limα↓0 gα(λ) = 1/λ.
From b) and c), we deduce the convergence of the new regularization method by application of
[11, Theorem 4.1]. Before going to optimality results, let us state some basic estimates (proven in the
appendix) about the functions gα and rα.
Proposition 1. Let the function gα be defined by (19). Then for all a < 1 and α < 1,
sup
λ∈(0,a]
√
λgα(λ) = O
(
1√
α
)
. (21)
Lemma 1. For all α and λ satisfying 0 < α ≤ λ < 1, the following estimates hold for the function rα
defined in (20):
rα(λ) ≤ 9
4
(
α| ln(λ)|2
λ+ α| ln(λ)|2
)
. (22)
3 Optimality results
Before studying the optimality of the method presented in Section 2, we need first to recall general
optimality results under source condition of the form (5). For doing so, let us specify assumptions on
the function ϕ which defines the source set Xϕ(ρ).
Assumption 1. The function ϕ : (0, a]→ R+ is continuous, monotonically increasing and satisfies:
(i) limλ↓0 ϕ(λ) = 0,
(ii) the function φ : (0, ϕ2(a)]→ (0, aϕ2(a)] defined by
φ(λ) = λ(ϕ2)−1(λ) (23)
is convex.
Under Asummption 1 on the function ϕ, the following result from [37] holds and we can then
defines optimality under source condition (5).
Theorem 1. Let Xϕ(ρ) be as in (5) and let Assumption 1 be fulfilled. Let the function φ be defined
by (23). Then
ω(δ,Xϕ(ρ)) ≤ ρ
√
φ−1
(
δ2
ρ2
)
. (24)
Moreover, if δ2/ρ2 ∈ σ (T ∗Tϕ2(T ∗T )), then equality holds in (24).
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A similar result to this theorem can be found in [20, Section 2], and [28, Section 3].
Remark 1. In [28], the results corresponding to Theorem 1 are given in term of the function Θ :
(0, a]→ (0, aϕ(a)] defined by:
Θ(λ) =
√
λϕ(λ). (25)
Then, by simple computations, we can find that
ρ
√
φ−1
(
δ2
ρ2
)
= ρϕ
(
Θ−1(δ/ρ)
)
. (26)
In such a case, the convexity of the function φ defined in (23) is equivalent to the convexity of the
function χ(λ) = Θ2
(
(ϕ2)−1(λ)
)
and the condition δ2/ρ2 ∈ σ (T ∗Tϕ2(T ∗T )) which allows to get the
equality in (24) is equivalent to δ/ρ ∈ σ (Θ(T ∗T )).
From Theorem 1 and Remark 1, we can deduce that under the source condition (5) and Assump-
tion 1, the best possible worst case error is ρϕ
(
Θ−1(δ/ρ)
)
whence the following definition.
Definition 1 (Optimality under general source conditions). Let Assumption 1 be satisfied and consider
the source condition x† ∈ Xϕ(ρ). A regularization method R(δ) : Y → X is said to be:
• optimal if ∆(δ,R(δ), Xϕ(ρ)) ≤ ρϕ
(
Θ−1(δ/ρ)
)
;
• order optimal if ∆(δ,R(δ), Xϕ(ρ)) ≤ Cρϕ
(
Θ−1(δ/ρ)
)
for some constant C ≥ 1;
• quasi-order optimal if for all  > 0, ∆(δ,R(δ), Xϕ(ρ)) = O (f(δ)) where the function f : R+ →
R+ converges to ϕ
(
Θ−1(δ/ρ)
)
as  decreases to 0 i.e. for all δ > 0, f(δ) → ϕ
(
Θ−1(δ/ρ)
)
as 
decreases to 0.
Having defined the optimality under general source conditions, let us now consider the particular
case of logarithmic source conditions. For logarithmic source conditions, the function ϕ equals the
function fp : (0, a]→ R+ defined by:
fp(λ) = (− ln(λ))−p. (27)
Next it is easy to see that the only point to check in Assumption 1 is the convexity of the function φ de-
fined in (23). Precisely, for the index function fp, this function is φp : (0, ln(1/a)
−2p]→ (0, a ln(1/a)−2p]
defined by
φp(λ) = λ exp(−λ−1/2p)
which was proven to be convex on the interval [0, 1] in [26]. In order to fulfill Assumption 1 and avoid
the singularity of the function fp at λ = 1, we assume that a ≤ exp(−1) < 1, i.e. ||T ∗T || ≤ exp(−1).
Notice that this is not actually a restriction, since Equation (1) can always be rescaled in order to
meet this criterion.
Due to (24) it suffices to compute
√
φ−1p (δ2/ρ2) in order to define the optimality in logarithmic
source conditions. Thanks again to [26], we have that√
φ−1p (s) = fp(s)(1 + o(1)) as s→ 0. (28)
Hence, we deduce the following definition of optimality in case of logarithmic source condition.
Definition 2 (Optimality under logarithmic source condition). Consider logarithmic source condition
(10), on defining fp as in (27), a regularization method R(δ) : Y → X is said to be:
• optimal if ∆(δ,R(δ), Xfp(ρ)) ≤ ρfp(δ2/ρ2)(1 + o(1)) as δ → 0,
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• order optimal if ∆(δ,R(δ), Xfp(ρ)) ≤ Cρfp(δ2/ρ2)(1 + o(1)) as δ → 0 .
In the sequel, we are interested to optimality with respect to the noise level δ. In this respect, we
can characterize the order-optimality under logarithmic source conditions as follows.
Remark 2. By definition of the function fp, we get that O
(
fp(δ
2/ρ2)
)
= O (fp(δ)) as δ → 0. Hence,
equivalently to Definition 2, a regularization method R(δ) : Y → X is said to be order optimal under
logarithmic source condition if
∆(δ,R(δ), Xfp(ρ)) = O (fp(δ)) as δ → 0.
3.1 Optimality under logarithmic source conditions
Having given all the necessary definitions, let us now study the optimality of the method proposed in
Section 2.
Proposition 2. The regularization gα defined by (19) has qualification fp. That is:
sup
0<λ≤a
|rα(λ)| fp(λ) = O (fp(α)) . (29)
The proof the Proposition 2 heavily relies on the following lemma which is proven in the appendix.
Lemma 2. Let p and α be two positive numbers with α ≤ α¯ < 1, let a ∈ (0, 1) and Ψp,α : (0, a]→ R+
be the function defined by
Ψp,α(λ) =
| ln(λ)|2−p
λ+ α| ln(λ)|2 . (30)
Then, the following hold:
(i) The function Ψp,α is well defined and differentiable on (0, a], and its derivative is given by
Ψ′p,α(λ) =
λ−1| ln(λ)|1−p
(λ+ α| ln(λ)|2)2h(λ), (31)
where
h(λ) = αp| ln(λ)|2 − λ (2− p+ | ln(λ)|) . (32)
(ii) If p ≤ 2, there exists at least one λ(α, p) where h vanishes. Moreover for every such λ(α, p), the
following holds
λ(α, p) ' α| ln(α)|, (33)
that is, there exists two constants c1 and c2 depending on p only such that
c1α| ln(α)| ≤ λ(α, p) ≤ c2α| ln(α)|.
Moreover, this result still holds if p > 2, λ < c ≤ exp(2− p) and α is small.
(iii) The supremum of the function Ψp,α on (0, a] satisfies
sup
0<λ≤a
Ψp,α(λ) = O
(
α−1| ln(α)|−p) . (34)
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Having stated the above lemma, the proof of Proposition 2 easily follows:
Proof. If λ ≤ α then the monotonicity of the function fp and the fact that the residual function
rα is bounded by 1 on (0, a] yields (29). If λ ≥ α then from Lemma 2, we deduce that
sup
0<λ≤a
α| ln(λ)|2
λ+ α| ln(λ)|2 fp(λ) = O (fp(α))
which together with Lemma 1 yields (29). 
From Proposition 2, we deduce the following optimality result.
Theorem 2. Let p > 0, x† ∈ Xfp(ρ), and yδ ∈ Y satisfying (2) with y = Tx†. Assume that
||T ∗T || ≤ exp(−1) and let x(δ) = gα(δ)(T ∗T )T ∗yδ with the function gα being defined by (19) and let
α(δ) = Θ−1p (δ) with Θp defined by
Θp(λ) =
√
λ(ln(1/λ))−p. (35)
Then the order optimal estimate
||x† − x(δ)|| = O (fp(δ)) as δ → 0 (36)
holds. Thus the regularization gα defined by (19) is order optimal under logarithmic source conditions.
Proof. As usual, we start with the following splitting
||x† − xδα|| ≤ ||x† − xα||+ ||xα − xδα||. (37)
Using that x† − xα = rα(T ∗T )x†, xα − xδα = gα(T ∗T )T ∗(y − yδ) together with the source condition
x† ∈ Xfp(ρ), we deduce that:
||x† − xα|| ≤ C1 sup
λ∈(0,a]
rα(λ) fp(λ) (38)
and
||xα − xδα|| ≤ δ C2 sup
λ∈(0,a]
√
λgα(λ). (39)
By applying the propositions 1 and 2 to (38), (39) and using (37), we get that
||x† − xδα|| ≤ C ′1fp(α) + C ′2
δ√
α
, (40)
where C ′1 and C ′2 are constants independent of α and λ. Hence, by taking α := Θ−1p (δ), the estimate
in (36) follows from
||x† − x(δ)|| = O (fp(Θ−1p (δ))) = O (fp(δ2)) = O (fp(δ)) .

Corollary 1. Let p > 0, x† ∈ Xfp(ρ), and yδ ∈ Y satisfying (2) with y = Tx†. Assume that
||T ∗T || ≤ exp(−1) and let x(δ) = gα(δ)(T ∗T )T ∗yδ with the function gα being defined by (19) and
α(δ) = δ. Then the order optimal estimate
||x† − x(δ)|| = O (fp(δ)) as δ → 0
holds. Thus the regularization gα defined by (19) is order optimal under logarithmic source conditions
with an a-priori parameter choice rule independent of the smoothness of the solution x†.
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Proof. By considering α(δ) = δ in (40), we get
||x† − xδα|| ≤ C ′1fp(δ) + C ′2
√
δ = O (fp(δ)) as δ → 0,
since
√
δ = O (fp(δ)) as δ → 0. 
The next proposition describes a Morozov-like discrepancy rule which leads to order-optimal con-
vergence rates under logarithmic source conditions.
Proposition 3. Let p > 0, x† ∈ Xfp(ρ), and yδ ∈ Y satisfying (2) with y = Tx†. Assume that
||T ∗T || ≤ exp(−1) and consider the a-posteriori parameter choice rule
α(δ, yδ) = sup
{
α > 0, ||Txδα − yδ|| ≤ δ +
√
δ
}
. (41)
Let x(δ) = gα(δ,yδ)(T
∗T )T ∗yδ with the function gα defined by (19), then the order optimal estimate
||x† − x(δ)|| = O (fp(δ)) as δ → 0 (42)
holds. Thus the regularization gα defined by (19) is order optimal under logarithmic source conditions
with the a-posteriori parameter choice rule defined by (41).
The proof of Proposition 3 is deferred to Appendix.
A converse result
Theorem 2 establishes that the logarithmic source condition (10) is sufficient to imply the rate fp(δ)
in (36). Now we are going to prove that the logarithmic source condition (10) is not only sufficient but
also almost necessary. The following result based on [20, Theorem 8] establishes a converse result in
the noise free case for the new regularization method.
Theorem 3. Let xα = gα(T
∗T )Ty with y = Tx† and let the function gα be defined in (19). Then the
estimate
||x† − xα|| = O (fp(α)) (43)
implies that x† ∈ Xfq(ρ) for some ρ > 0 for all 0 < q < p.
The proof consists in checking that the function gα defined in (19) satisfies all the conditions stated
in Theorem 8 of [20]. More precisely, we just need to check that there exists a constant Cg > 0 such
that
sup
λ∈(0,||T ∗T ||]
gα(λ) ≤ Cg
α
.
But, from (62), we see that the latter condition is obviously fulfilled.
3.2 Optimality under general source conditions
Let us state the following quasi-optimal result under general source conditions.
Theorem 4. Let p > 0, x† ∈ Xϕ(ρ), where ϕ is a concave index function satisfying Assumption 1 and
yδ ∈ Y satisfying ||y − yδ|| ≤ δ with y = Tx† and δ ≤ Θ(a). Assume that ||T ∗T || ≤ a ≤ exp(−1) and
let x(δ) = gα(δ)(T
∗T )T ∗yδ with the function gα defined in (19). For small positive , let α(δ) = Θ−1 (δ)
where the function Θ is defined by Θ(λ) = λ
−Θ(λ) with Θ given in (25).
Then the estimate
||x† − x(δ)|| = O ((Θ−1 (δ))−ϕ(Θ−1 (δ))) as δ → 0
holds. Moreover, as  ↓ 0, (Θ−1 (δ))−ϕ(Θ−1 (δ))→ ϕ(Θ−1(δ)). Thus the regularization method defined
via the function gα given in (19) is quasi-order optimal under general source conditions.
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Proof. We study two cases: α ≥ λ and α < λ. In the first case, sup(0,exp (−1)] rα(λ)ϕ(λ) ≤ ϕ(α)
by monotonicity of the function ϕ and the order-optimality follows trivially. Let us study the main
case when α < λ. From Lemma 1, we get, for λ ∈ (0, a],
rα(λ)ϕ(λ) ≤ 9
4
| ln(λ)|2 α
λ+ α| ln(λ)|2ϕ(λ)
≤ 9
4
| ln(α)|2 α
λ+ α| ln(a)|2ϕ(λ)
≤ 9
4
α−(α/2| ln(α)|)2 α
λ+ α| ln(a)|2ϕ(λ)
≤ 9
4
4
2
α−
αλ
λ+ α| ln(a)|2
ϕ(λ)
λ
≤ 9
4
4
2
α−
αλ
λ+ α| ln(a)|2
ϕ(α)
α
by concavity of ϕ
≤ Cα−ϕ(α). (44)
Hence sup(0,a] rα(λ)ϕ(λ) ≤ Cα−ϕ(α). From (38) and (39), and (21) we get
||x† − xδα|| ≤ Cα−ϕ(α) +
δ√
α
.
By taking α(δ) = Θ−1 (δ) with Θ(λ) = λ1/2−ϕ(λ), we get
||x† − x(δ)|| = O ((Θ−1 (δ))−ϕ(Θ−1 (δ))) .
Now, it remains to show that (Θ−1 (δ))−ϕ(Θ−1 (δ)) converges to the optimal rate ϕ(Θ−1(δ)) as  goes
to 0. Let α∗ = Θ−1(δ) and α = Θ−1 (δ), let us show that α converges to α∗ as  goes to 0. By
the monotonicity of Θ for  ∈ (0, 1/2) and the fact that δ ≤ Θ(a) and a < 1, we get that, for all
 ∈ (0, 1/2),
δ
Θ(a)
≤ 1 < a− ⇒ δ ≤ a−Θ(a) = Θ(a) ⇒ α = Θ−1 (δ) ≤ a.
Hence α ∈ (0, a] and the sequence (α) is bounded and thus it admits a converging subsequence. Let
(αn)n a converging subsequence of (α), and let α˜ be its limit. Let us show that α˜ = α∗.
Since αn → α˜ and Θ is continuous, Θ(αn)→ Θ(α˜). But Θ(αn) = αnnΘ(α∗) since δ = Θ(α∗) and
δ = Θ(α) for all small positive . So we get
αnnΘ(α∗)→ Θ(α˜) i.e. αnn →
Θ(α˜)
Θ(α∗) . (45)
By the convergence of the sequence (αn)n, we get that α
n
n = exp (n ln(αn)) converges to 1, (45)
proves that Θ(α˜) = Θ(α∗) and by bijectivity of the function Θ, we deduce that α˜ = α∗. Since the
sequence (n)n was arbitrarily chosen, we deduce that the whole sequence (α) converges to α∗ as
 ↓ 0. Thus we deduce that α− → 1 and ϕ(α)→ ϕ(α∗) which implies that
(Θ−1 (δ))
−ϕ(Θ−1 (δ))→ ϕ(Θ−1(δ)).

For Holder type source conditions, Theorem 4 reduces to the following theorem.
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Theorem 5. Consider the setting of Theorem 4 with the function ϕ(t) = tµ i.e. x† ∈ Ran (T ∗T )µ,
then there exists an a priori selection rule α(δ) such that the following holds:
∥∥∥x† − xδα(δ)∥∥∥ =
O
(
δ
2σ
2σ+1
)
∀σ < µ, if µ ≤ 1
O
(
δ
2
3
)
, if µ > 1.
(46)
Remark 3. By defining a variant of the new regularization method where the approximate solution xδα
is defined as the solution of the optimization problem
xδα = argmin
x∈X
||(T ∗T )
√
αyδ − Tx||2 + ||
[
I − (T ∗T )
√
α
]
x||2,
we can prove order optimal rate under Holder type source condition but with a lower qualification index
µ0 = 1/2. This variant is motivated by the mollification regularization method, where a target object
defined as a smooth version of x† is fixed prior to the regularization (see e.g. [1, 7]). In this respect,
the target object here is given as (T ∗T )
√
αx†. This choice is legitimated by the smoothness property of
the operator T and the fact that as α goes to 0, this target object converges to the solution x†. The
study of this variant and the corresponding optimality results is beyond the scope of this paper.
4 A framework for comparison
In the sequel, we are going to compare the new method with three continuous regularization methods:
Tikhonov [38], spectral cut-off [11], Showalter [11] and one iterative regularization method: conjugate
gradient [11, 21]. We recall that the first three methods (Tikhonov, spectral cut-off and Showalter) are
linear methods on the contrary to conjugate gradient which is an iterative non-linear regularization
method. Obviously the new method, Tikhonov, spectral cut-off and Showalter are members of the
family of general regularization methods defined via a generator function. Roughly speaking, each
regularization method is defined via a so-called generator function gregα (λ) which converges pointwise
to 1/λ as α goes to 0 and the regularized solution xδα,reg is defined by :
xδα,reg = g
reg
α (T
∗T )T ∗yδ. (47)
In this respect, the functions gregα (λ) associated to Tikhonov, spectral cut-off, Showalter and the new
method are defined as follows:
gtikα (λ) =
1
λ+ α
, gscα (λ) =
1
λ
1{λ≥α}, gswα (λ) =
1− e−λ/α
λ
, gnrmα (λ) =
1
λ+ (1− λ√α)2 (48)
where λ ∈ (0, a] with ||T ∗T || ≤ a < 1.
Before getting into comparison of the new method to other regularization techniques, let us first
point out a way of computing the regularized solution xδα,nrm of the new method.
4.1 Computation of the regularized solution xδα,nrm
One way of computing the regularized solution xδα,nrm of the new method is by computing the singular
value decomposition of operator T . That is to find a system (uk, σk, vk) such that:
• the sequence (uk)k forms a Hilbert basis of X,
• the sequence (vk)k forms a Hilbert basis of the closure of the range of T ,
• the sequence (σ)k is positive, decreasing and satisfies Tuk = σkvk and T ∗vk = σkuk.
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Given that decomposition of T , it is trivial to see that the operator T ∗T is diagonal in the Hilbert basis
(uk)k. Therefore, given a function g defined on the interval (0, σ
2
1), the operator g(T
∗T ) is nothing
but the diagonal operator defined on the Hilbert basis (uk)k by g(T
∗T )uk = g(σ2k)uk. Hence given the
singular value decomposition (uk, σk, vk) of T , from (47) (with reg = nrm), the regularized solution
xδα,nrm can be computed as
xδα,nrm =
∑
k
gnrmα (σ
2
k) 〈T ∗yδ, uk〉uk =
∑
k
σk
σ2k +
(
1− σ2
√
α
k
)2 〈yδ, vk〉uk. (49)
Remark 4. The above singular value decomposition of operator T is only possible if T is a compact
operator. However, it is important to notice that the new method does not apply only to compact opera-
tor. Indeed, the new method is based on the spectral family (Eλ)λ associated to the self adjoint operator
T ∗T , and spectral family exists even for non-compact operator as pointed out in [11, Proposition 2.14].
This allows for the definition of a function applied to a self-adjoint non compact operator. Of course,
one might ask how we can compute the regularized solution xδα,nrm in such a case. By noticing that
in practice, we always discretize Equation (1) into matrix formulation, we can compute the singular
value decomposition of the matrix representing the discretization of operator T and then apply (49) to
compute xδα,nrm.
It is important to notice that a crucial step in the computation of the regularized solution xδα,nrm is
the singular value decomposition step which should be done rigorously especially for exponentially ill-
posed problems. That is why we propose a state of the art algorithm as LAPACK’s dgesvd() routine
for SVD computation (see e.g. [12, Section 8.6] for description of method). For an easy application, it
is to be noted that this routine is implemented in the function svd() in Matlab. In Section 5, we will
see that even for a very ill-conditionned matrix, we can still compute the regularized solution xδα,nrm
very efficiently using the function svd() in Matlab.
Above, we saw that the new approximate solution xδα,nrm is computable using the singular value
decomposition of operator T which might be delicate to compute. However, in some cases, there is
an alternative for computing xδα,nrm when the operator log(T
∗T ) is explicitly known. Indeed, if the
operator log(T ∗T ) is explicitly known, then the solution u : R+ → X to the initial value problem:{
u′(t)− log(T ∗T )u(t) = 0, t ∈ R+
u(0) = x,
(50)
evaluated at t =
√
α is nothing but (T ∗T )
√
αx, i.e. (T ∗T )
√
αx = u(
√
α). Hence, through the resolution
of the ordinary differential equation (50), the penalty term
∥∥∥[I − (T ∗T )√α]x∥∥∥2 can be computed and
this allows to compute the approximate solution xδα,nrm.
An example of exponentially ill-posed problems for which the operator log(T ∗T ) is known is the
backward heat equation. More precisely, let Ω be a smooth subset of Rn with n ≤ 3 and u : Ω×(0, t¯]→
R be the solution to the initial boundary value problem
∂u
∂t = ∆u, Ω× (0, t¯)
u(·, 0) = f, Ω
u = 0 or ∂u∂ν = 0, on ∂Ω× (0, t¯].
(51)
Assume we want to recover the initial temperature f ∈ L2(Ω) given the final temperature u(·, t¯). By
interpreting the heat equation (51) as an ordinary differential equation for the function U : [0, t¯] →
D(∆) ⊂ L2(Ω), t→ U(t) = u(·, t), with the initial value U(0) = f where
D(∆) = H2(Ω) ∩H10 (Ω) or D(∆) =
{
f ∈ H2(Ω), ∂f
∂ν
= 0 on ∂Ω
}
,
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we get that U(t) = exp (t∆)f for t ∈ (0, t¯], where (exp (t∆))t>0 is the strongly continuous semi-group
generated by the unbounded self-adjoint linear operator ∆. This implies that the equation satisfied by
the initial temperature f is nothing but
exp(t¯∆)f = u(·, t¯). (52)
From (52), we deduce that T ∗T = exp (2t¯∆) and log(T ∗T ) = 2t¯∆ and thus operator (T ∗T )
√
α can be
evaluated at a function x ∈ L2(Ω) as the solution to the initial value problem
u′(t)− 2t¯∆u(t) = 0, t ∈ R+
u(0) = x,
u(t) ∈ D(∆), for t ∈ R+,
(53)
evaluated at t =
√
α.
In addition to the backward heat equation, there are other exponentially ill-posed problems for
which log(T ∗T ) is known. This includes sideways heat equation (see [20, Section 8.3]) and more
generally inverse heat conduction problems (see, e.g. [31, Section 3 & 4]).
4.2 Tikhonov versus new method
From the variational formulation of Tikhonov and the new method, we can see that both methods
differ by the penalty term. For Tikhonov method, the penalty term is α ‖x‖2 whereas for the new
method, the penalty term is
∥∥∥[I − (T ∗T )√α]x∥∥∥2 . By considering X = L2(Rn) for instance, by using
the Parseval identity, we see that the penalty term is equal to α ‖xˆ‖L2(Rn). Therefore the weight α
equally penalizes all frequency components irrespective of the magnitude of frequencies even though
instability mainly comes from high frequency components. This is actually a drawback of the Tikhonov
method which may induce an unfavorable trade-off between stability and fidelity to the model (see
e.g. [1], Figure 4). On the contrary, for the new regularization method, high frequency components are
much more regularized compared to low frequency components which are less and less regularized as
the singular values increase to 1. In this way, we expect the new method to achieve a better trade-off
between stability and fidelity to the model. Moreover, for exponentially ill-posed problems, the ill-
posedness is accentuated due to the magnitude of singular values, the instability introduced by high
frequency components are more pronounced and we expect the new regularization method to yield
better approximations of x†.
4.3 Spectral cut-off versus new method
On the contrary to Tikhonov method, both spectral cut-off and the new method treat high frequency
components and low frequency components differently. However, spectral cut-off regularized high
frequency components by a mere cut-off and this may be too violent in several situations. Indeed
even though high frequency components induce instability, they also carry some information which
should not completely left out. For instance, for mildly ill-posed problems, this truncation will be very
damaging on the quality of the approximation while for exponentially ill-posed problem, this truncation
will be less damaging. A smooth transition (in term of regularization) from small singular values to
other singular values would be more meaningful and desirable. This is actually what is done for the
new method. Another advantage of the new method compared to spectral cut-off is the variational
formulation of the new method which allows to add to the problem a-priori constraint on the solution
(e.g. positivity, geometrical constraints, etc...).
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4.4 Showalter versus new method
A major difference between Showalter method and the new method is that Showalter method does not
have a variational formulation. Given that, for the Showalter method, it is not clear what is actually
penalized in order to stabilize the problem. Moreover it would be difficult if not impossible to add
a-priori constraints on the solution. Given a data yδ, by inspecting the Showalter regularized solution
which is given by xδα =
∫ 1/α
0 e
−sT ∗T ds T ∗yδ, we see that the method introduces stability by truncating
the integral
∫ +∞
0 e
−sT ∗T ds T ∗yδ = (T ∗T )−1T ∗yδ on the interval (0, 1/α). On the other hand, we can
see that, as the Tikhonov method, for all regularization parameter α > 0, the generator function gswα
of Showalter method is strictly decreasing on the contrary to the generator function gnrmα of the new
method which always exhibits a maximum close to λ = 0. This implies that the Showalter method
cannot be seen as a smooth version of spectral cut-off which yields a smooth transition (in term of
regularization) from high frequency components to low frequency components, on the contrary to the
new method. Concerning the computation of the regularized solution xδα,sw for the Showalter method,
it is important to notice that xδα,sw is the solution uδ : R+ → X of the initial value problem:{
u′δ(t) + T
∗Tuδ(t) = T ∗yδ, t ∈ R+
uδ(0) = 0,
(54)
evaluated at t = 1/α, i.e. xδα,sw = uδ(1/α). By solving (54) using the forward finite difference of step
size h, we get that uδ can be approximated as:
uδ(t+ h) ≈ uδ(t) + h
[
T ∗yδ − T ∗Tuδ(t)
]
, with uδ(0) = 0. (55)
4.5 Conjugate gradient versus new method
Unlike all the other regularization methods under consideration (Tikhonov, spectral cut-oof, Showalter
and the new method), the conjugate gradient method is an iterative non-linear regularization method.
The conjugate gradient method regularizes Problem (1) by iteratively approximating x† by the mini-
mizer xk of the functional f(x) = ||Tx− y||2 on finite dimensional Krylov subspaces
Vk = span
{
T ∗y, (T ∗T )T ∗y, ..., (T ∗T )k−1T ∗y
}
,
where k ≥ 1 and k ∈ N. A major advantage of the conjugate gradient is the easy computation of
regularized solution xk (see e.g. algorithm given in [21, Figure 2.2]) and the fast convergence on the
contrary to Landweber. However, as pointed out in [11, Theorem 7.6], the operator Rk which maps the
data y to the regularized solution xk is not always continuous contrarily to the new method. Moreover,
compared to other regularization methods, there is no a-priori rules k(δ) such that xδk(δ) converges to
x† as δ → 0 (see, e.g. [9]).
A comparative plot of the generator functions gregα associated to Tikhonov, spectral cut-off, Showal-
ter and the new method is given in Figure 1.
Remark 5. On the contrary to generator functions of Tikhonov and Showalter, the generator function
gnrmα associated to the new regularization always exhibits a maximum close to λ = 0 and the function
always equals 1 at λ = 0. Indeed, it is trivial to check that both functions gtikα and g
sw
α are strictly
decreasing for all α > 0. Hence, the function gnrmα is the only one which can be seen as a smooth
version of the function gscα associated to spectral cut-off which has a very crude transition at λ = α.
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Fig. 1: Comparison generator function gregα to function λ 7→ 1/λ for the four regularization
methods (reg = tik,sc,nrm,sw).
5 Numerical illustration
The aim here is to compare the performance of our new regularization method (nrm) to the classical
Tikhonov method (tik), spectral cut-off (tsvd), Showalter (sw) and conjugate gradient (cg) for some
(ill-posed) test problems. We consider three test problems. The first one is a problem of image
reconstruction found in [36]. The second problem is a Fredholm integral equation of the first kind
taken from [2] and the last one is an inverse heat problem. For the discretization of these problems,
we use the functions shaw(), baart() and heat() of the matlab regularization tool package (see [18]).
For the heat() and shaw() test problems, the discretization is done by collocation with approximation
of integrals by quadrature rules. For the baart() test problem, the discretization is done by Galerkin
methods with orthonormal box functions as basis functions. In the matlab regularization tool package,
each of the functions shaw(), baart() and heat() takes as input a discretization level n representing
either the number of collocations points or the number of box functions considered on the interval
[0, 1]. Given the input n, each function returns three outputs: a matrix A, a vector x† and the
vector y obtained by discretization without noise added. In this section, we considered the following
discretization level for the shaw(), baart() and heat() test problem respectively: nshaw = 160,
nbaart = 150 and nheat = 150. For the simulations, we define noisy data yξ = y + ξ where ξ is a
random white noise vector. In order to compute the regularized solution xδα,nrm for the new method,
we compute the SVD with the function svd() in Matlab and applied (49).
We consider a 4% noise level, the noise level being defined here by the ratio of the noise to the
exact data. More precisely, given a noisy data yξ = y+ ξ, the noise level is defined by
√
E(||ξ||2)/||y||.
In order to illustrate the ill-posedness of each test problem, we give on Figure 2 the conditioning
associated to each matrix Ashaw, Abaart, and Aheat obtained from the discretization of each problem.
shaw baart heat
cond(A) 2.3283× 1019 2.4561× 1017 1.2706× 1049
Fig. 2: Conditioning of the matrices Ashaw, Abaart and Aheat for nshaw = 160, nbaart = 150 and
nheat = 150.
We perform a Monte Carlo experiment of 3000 replications. In each replication, we compute the
best relative error for each regularization method. Next we compute the minimum, maximum, average
and standard deviation errors (denoted by emin, emax, e¯, σ(e) over the 3000 replications for each
schemes (nrm and tik, tsvd, sw and cg). Figure 3 summarizes the results of the overall simulations.
In order to assess and compare the trade-off between stability and fidelity to the model for Tikhonov
and the new method, we plot the curve of the conditioning versus relative error. The conditioning
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here is the condition number of the reconstructed operator gregα (T ∗T ) associated to the regularization
method. For instance, using the invariance of conditioning by inversion, for the new method, the
conditioning corresponds to the condition number of the operator T ∗T +
[
I − (T ∗T )
√
α
]2
while for
Tikhonov method, it corresponds to the condition number of T ∗T + αI. In this respect, for two
regularization methods, the best one is the one whose curve is below the other one as it achieves the
same relative errors with smaller conditioning. On Figure 4, for each test problem, we compare the
curve of conditioning versus relative error of the new method and Tikhonov method.
Notice that the first two problems (shaw and baart) are mildly ill-posed while the third problem
(heat) is exponentially ill-posed.
baart
nrm tik tsvd sw cg
emax 0.34774 0.356887 0.346026 0.348538 0.346263
emin 0.053773 0.055549 0.114955 0.051623 0.059753
e¯ 0.16575 0.17078 0.19223 0.16581 0.19237
σ(e) 0.03993 0.04547 0.03466 0.04016 0.03488
0.05 0.1 0.15 0.2 0.25 0.3 0.35
nrm
sw
tik
tsvd
cg
Relative error
baart
shaw
nrm tik tsvd sw cg
emax 0.186337 0.200609 0.181682 0.187038 0.186546
emin 0.049132 0.048754 0.052527 0.047292 0.050999
e¯ 0.13684 0.13857 0.15665 0.13746 0.15884
σ(e) 0.03307 0.03507 0.01955 0.03332 0.02269
0.05 0.1 0.15 0.2
nrm
sw
tik
tsvd
cg
Relative error
shaw
heat
nrm tik tsvd sw cg
emax 0.274714 0.283154 0.271837 0.270857 0.271285
emin 0.100167 0.10736 0.115237 0.097847 0.106211
e¯ 0.18857 0.19861 0.19007 0.18862 0.19365
σ(e) 0.02788 0.02756 0.02889 0.02725 0.02514
0.1 0.15 0.2 0.25 0.3
nrm
sw
tik
tsvd
cg
Relative error
heat
Fig. 3: Summary of the Monte Carlo experiment. On the right figure, the average relative error
for each method is represented by the vertical stick.
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Fig. 4: Comparison of the trade-off between stability and accuracy of the new method (nrm) to
Tikhonov (tik) for the three test problems: shaw, baart and heat.
Comments:
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From Figure 3 and 4, we can do the following comments:
• The new method always yields the smallest average relative errors among the five methods.
• From Figure 3, we can see that both spectral cut-off and conjugate gradient yield the worst
average relative errors except for the heat test problem where their average relative errors are
smaller than the one of Tikhonov.
• For the two mildly ill-posed problem shaw and baart, Tikhonov method yields average relative
errors close to the smallest one. On the contrary, for the exponentially ill-posed problem heat,
Tikhonov method yields the worst average relative error among all the five methods.
• For the two mildly ill-posed problems (shaw and baart), the errors of the new method are
not significantly smaller than those of Tikhonov on the contrary to the exponentially ill-posed
problem (heat) where the new method produces smaller error than Tikhonov (about 5% smaller).
This confirms our prediction about the better performance of the new method in instance of
exponentially ill-posed problems compared to Tikhonov.
• For all three test problems, the new method performs better than spectral cut-off as could be
expected. Moreover, the gap between the error is larger for the first two test problems which
are mildly ill-posed. This also confirms the prediction about the poor performance of spectral
cut-off for mildly ill-posed problems.
• On the contrary to the two mildly ill-posed problems (shaw and baart), spectral cut-off performs
better than Tikhonov on the last test problem (heat), which is exponentially ill-posed. This
emphasizes, especially in exponentially ill-posed problems, the drawback of Tikhonov method
which regularizes all frequency component in the same way.
• From Figure 4, we can see that the new method achieves a better trade-off between stability and
fidelity to the model compared to the Tikhonov method. Indeed, for the three test problems the
curve associated to the new method lies below the one of Tikhonov. This means that given a
stability level κ (measured in term of conditioning), the new method provided a smaller error than
Tikhonov. Conversely, for a given error level , the new method provides a lower conditioning
of the reconstructed operator compared to Tikhonov. This also validates the prediction stated
earlier.
6 Parameter selection rules
In this section, we are interested in the choice of the regularization parameter α. For practical pur-
poses, we assume that we don’t know the smoothness conditions satisfied by the unknown solution x†.
Consequently, we are left with two types of parameter choice rules: A-posteriori rules which use in-
formation on the noise level δ and heuristic rules which depend only on the noisy data yδ. However
a huge default of a-posteriori parameter choice rules is their dependence on the noise level δ which,
in practice, is hardly available or well estimated in most circumstances. In [8], it is shown how an
underestimation or overestimation of the noise level δ may induce serious computation issues for the
Morozov principle. Moreover, in [15], it is illustrated how heuristic rules may outperform sophisticated
a-posteriori rules. Given those reasons, we turn to heuristic (or data driven) selection rules. We re-
call that, due to Bakushinskii ve´to [3], such rules are not convergent. But still, as mentioned earlier,
heuristic rules may yields better approximations compared to sophisticated a-posteriori rules (see e.g.
[15]) and this is not surprising as the Bakushinskii result is based on worst case scenario.
We applied five noise-free parameter choice rules to the new method and the four regularization
methods on the three test problems defined in Section 5: the generalized cross validation (GCV), the
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discrete quasi-optimality rule (DQO), two heuristic rules (H1 and H2) and a variant of the L-curve
method (LCV) each described in [11, Section 4.5]. Roughly speaking, the parameter α chosen by each
of those selection rules is as follows:
• The GCV rule consists in choosing αˆ as
αˆ = argmin
α
||Txδα − yδ||
tr(rα(T ∗T ))
,
where rα is the residual function associated to the regularization method under consideration.
For the new method, rα is defined in (20).
• The DQO method consists in discretizing the regularization parameter α as
αn = α0q
n, α0 ∈ (0, ||T ∗T ||], and 0 < q < 1.
Next, the parameter αˆ is chosen as
αˆ = αnˆ with nˆ = argmin
n∈N
||xδαn+1 − xδαn ||. (56)
Recall that this rule defined by (56) is actually one of the variants of the continuous quasi-
optimality rule defined by
αˆ = argmin
α
||α∂x
δ
α
∂α
||.
• The third rule H1 taken in [11, Section 4.5] consists in choosing the parameter αˆ as
αˆ = argmin
α
1√
α
||Txδα − yδ||. (57)
• The fourth rule H2 which is a variant of the third rule H1 consists in choosing the parameter αˆ
as
αˆ = argmin
α
1
α
||T ∗(Txδα − yδ)||. (58)
• The variant of the L-curve (LCV) method considered here (see [11, Proposition 4.37]) consists
in choosing the regularization parameter αˆ as
αˆ = argmin
α
||xδα|| ||Txδα − yδ||. (59)
Recall that this rule actually tries to locate the parameter αˆ corresponding to the corner of the
L-curve plot ||xδα|| versus ||Txδα − yδ|| in a log-log scale. For more details about the L-curve
method, see e.g. [10, 16, 17].
For a comprehensive discussion of the above heuristic rules and conditions under which convergence
is established, see [13, 25, 39] for GCV, [4, 5, 6, 22]) for Quasi-optimality and [11, Section 4.5] for the
rules H1, H2 and LCV.
For assessing the performance of each selection rule, we perform a Monte Carlo experiment of 3000
replications. For each replication, each test problem (baart, shaw, heat), and each regularization
method (nrm, tik, tsvd, sw and cg), we compute the optimal regularization parameter αOPT , the
one chosen by each selection rule (αGCV , αDQO, αH1, αH2, αLCV ). We also compute the corresponding
relative errors:
||x† − xδαOPT ||
||x†|| ,
||x† − xδαGCV ||
||x†|| ,
||x† − xδαDQO ||
||x†|| ,
||x† − xδαH1 ||
||x†|| ,
||x† − xδαH2 ||
||x†|| , and
||x† − xδαLCV ||
||x†|| .
In order to analyse the convergence behavior of the selection rules, we consider two noise levels: 2%
and 4%. The results are shown in Figure 5 and Tables 1 to 9.
From Tables 1, 2 and Figure 5, we can see the following concerning the new regularization method:
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shaw baart
OPT GCV DQO H1 H2 LCV OPT GCV DQO H1 H2 LCV
4
%
n
l
emax 0.18634 12.5834 x 0.20946 x 0.237316 0.347742 73.7316 x 0.349441 x 0.348385
emin 0.049132 0.055259 x 0.171478 x 0.096168 0.053773 0.143293 x 0.337422 x 0.181454
e¯ 0.13684 0.22309 x 0.18391 x 0.16075 0.16575 0.49844 x 0.34279 x 0.26562
σ(e) 0.03307 0.44215 x 0.00512 x 0.01818 0.03993 3.10514 x 0.00165 x 0.03412
reg.par. 0.02095 0.02113 x 0.16317 x 0.03472 4.221e-3 6.81e-3 x 0.16309 x 0.02471
2%
n
l
emax 0.17458 6.32855 x 0.18501 x 0.245324 0.25839 42.4191 x 0.33493 x 0.273046
emin 0.03759 0.052238 x 0.16929 x 0.052099 0.05213 0.114199 x 0.307401 x 0.162974
e¯ 0.11391 0.17803 x 0.17507 x 0.12994 0.14712 0.42564 x 0.32104 x 0.19394
σ(e) 0.03420 0.29453 x 0.00212 x 0.02828 0.03134 1.84369 x 0.00414 x 0.01828
reg.par. 7.58e-3 0.01144 x 0.11727 x 7.769e-3 2.627e-3 2.25e-3 x 0.0483 x 9.38e-3
Tab. 1: Summary of the Monte carlo experiment with the five heuristic rules GCV, DQO, H1,
H2 and LCV applied to the new method for the test problems shaw and baart. The x
indicates columns where the average relative error is greater than 1.
heat
OPT GCV DQO H1 H2 LCV
4%
n
l
emax 0.274714 2.44329 0.279108 0.962294 7.22502 0.306221
emin 0.100167 0.109427 0.130933 0.267733 0.267816 0.101507
e¯ 0.18857 0.23329 0.205499 0.73711 0.647173 0.19349
σ(e) 0.02788 0.13091 0.0209 0.30401 0.47841 0.02709
reg.par. 8.14e-4 6.235e-4 1.145e-3 0.64709 1.677e-4 8.842e-4
2%
n
l
emax 0.207777 2.34338 0.25523 0.261773 7.98943 0.289426
emin 0.073866 0.082679 0.081314 0.187784 0.228114 0.081314
e¯ 0.13947 0.17187 0.15295 0.2261 0.60093 0.16643
σ(e) 0.01988 0.09237 0.02109 0.01094 0.51234 0.02929
reg.par. 5.204e-4 3.823e-4 6.909e-4 1.642e-3 8.736e-5 3.245e-4
Tab. 2: Summary of the Monte carlo experiment with the five heuristic rules GCV, DQO, H1,
H2 and LCV applied to the new method for the test problem heat.
Fig. 5: Comparison of the relative error obtained by each selection rules (GCV, DQO, H1, H2
and LCV) for the two noise levels with the new method for the three tests problems
shaw, baart and heat. On each plot, the x-axis corresponds to relative error and the
vertical stick indicates the average relative error.
• For the exponentially ill-posed problem heat, from Table 2 and the last column of Figure 5, we
can see that the discrete quasi-optimality rule and the variant of the L-curve are very efficient
parameter choice rules for the new method. Indeed both the average relative errors and the
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GC
V shaw baart heat
nrm tik tsvd sw nrm tik tsvd sw nrm tik tsvd sw
4
%
n
l
emax 12.5834 5.5176 x 6.67616 73.7316 x x 9.58465 2.44329 2.37791 x 2.69057
emin 0.055259 0.057251 x 0.052697 0.143293 x x 0.152739 0.109427 0.111222 x 0.106857
e¯ 0.22309 0.38167 x 0.37981 0.49844 x x 0.61592 0.23329 0.27623 x 0.23077
σ(e) 0.44215 0.77228 x 0.81026 3.10514 x x 1.08024 0.13091 0.18167 x 0.14511
reg.par. 0.02113 3.425e-3 x 0.02126 6.81e-3 x x 4.376e-3 6.235e-4 2.816e-5 x 9.504e-5
2%
n
l
emax 6.32855 6.88993 x 8.85682 42.4191 x x 4.83936 2.34338 3.20621 x 1.4366
emin 0.052238 0.047132 x 0.048763 0.114199 x x 0.114434 0.082679 0.087569 x 0.080352
e¯ 0.17803 0.40427 x 0.42985 0.42564 x x 0.37425 0.17187 0.21141 x 0.16403
σ(e) 0.29453 0.94332 x 1.05855 1.84369 x x 0.52374 0.09237 0.1747 x 0.09442
reg.par. 0.01144 1.487e-3 x 0.01023 2.25e-3 x x 1.113e-3 3.823e-4 1.224e-5 x 3.608e-5
Tab. 3: Summary of the Monte Carlo experiment with GCV rule applied to nrm,tik,tsvd and
sw for the two noise levels on the three tests problems shaw, baart and heat.The x
indicates columns where the average relative error is greater than 1.
DQ
O shaw baart heat
nrm tik tsvd sw cg nrm tik tsvd sw cg nrm tik tsvd sw cg
4%
n
l
emax x 1.0787 x 1.06752 x x 5.18865 x 5.01141 x 0.279108 0.283843 x 0.330631 x
emin x 0.06105 x 0.128984 x x 0.128386 x 0.12797 x 0.130933 0.124984 x 0.14209 x
e¯ x 0.24255 x 0.1676 x x 0.30292 x 0.26028 x 0.2055 0.20955 x 0.19973 x
σ(e) x 0.12996 x 0.03473 x x 0.56905 x 0.4043 x 0.02090 0.02349 x 0.02085 x
reg.par. x 8.16e-3 x 0.03038 x x 8.146e-4 x 1.052e-3 x 1.145e-3 1.064e-4 x 1.486e-4 x
2%
n
l
emax x 3.14131 x 2.83056 x x x x 2.80503 x 0.25523 0.215776 x 0.312175 x
emin x 0.043051 x 0.066213 x x x x 0.081915 x 0.081314 0.085678 x 0.081303 x
e¯ x 0.25222 x 0.23781 x x x x 0.63955 x 0.15295 0.15585 x 0.16007 x
σ(e) x 0.31277 x 0.33941 x x x x 0.47203 x 0.02109 0.01896 x 0.02309 x
reg.par. x 3.589e-3 x 0.02565 x x x x 1.486e-4 x 6.909e-4 4.773e-5 x 7.363e-5 x
Tab. 4: Summary of the Monte Carlo experiment with DQO rule applied to nrm,tik,tsvd,sw
and cg for the two noise levels on the three tests problems shaw, baart and heat.The
x indicates columns where the average relative error is greater than 1.
H1
shaw baart
nrm tik tsvd sw cg nrm tik tsvd sw cg
4%
n
l
emax 0.20946 0.256012 0.186581 0.248679 0.258152 0.349441 0.571788 0.348214 0.370115 0.346263
emin 0.171478 0.20863 0.169889 0.222574 0.159991 0.337422 0.372977 0.345054 0.338217 0.337497
e¯ 0.18391 0.23142 0.17112 0.23484 0.16948 0.34279 0.56375 0.34527 0.35003 0.34174
σ(e) 5.12e-3 7.41e-3 1.44e-3 4.26e-3 5.95e-3 1.65e-3 4.39e-3 2.8e-4 4.19e-3 1.26e-3
reg.par. 0.16317 0.20483 0.25 0.42888 0.25025 0.16309 0.99972 0.5 0.20382 0.5
2%
n
l
emax 0.18501 0.201602 0.17421 0.226267 0.173244 0.334929 0.299022 0.345847 0.334085 0.34373
emin 0.16929 0.176076 0.169887 0.20998 0.163789 0.307401 0.187861 0.192709 0.30379 0.192243
e¯ 0.17507 0.1876 0.1702 0.21769 0.16824 0.32104 0.23703 0.34423 0.31878 0.341
σ(e) 2.12e-3 3.77e-3 3.64e-4 2.61e-3 1.18e-3 4.14e-3 0.01658 0.01082 4.52e-3 8.65e-3
reg.par. 0.11728 0.07912 0.25 0.31221 0.25 0.0483 6.405e-3 0.49834 0.0483 0.49884
Tab. 5: Summary of the Monte Carlo experiment with rule H1 applied to nrm,tik,tsvd,sw and
cg for the two noise levels on the two tests problems shaw and baart
average regularization parameters produced by the DQO and LCV rules are very near the optimal
ones and decrease as the noise level decreases. Moreover, by looking at the standard deviation
of the relative error σ(e), we see that those rules are very stable with respect to variations of
the error term in y. Next, the GCV rule exhibit good average relative error, however the GCV
is not stable with respect to the noise in y and this is shown by the spreading of dots along
the x-axis or the corresponding large standard deviation σ(e). Finally, the rule H2 is unstable
and produces large relative errors norm whereas the rule H1 is more stable but do not yield
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H2
shaw baart heat
nrm tik tsvd sw cg nrm tik tsvd sw cg nrm tik tsvd sw cg
4
%
n
l
emax x 0.398139 x 1.06734 x x 0.571788 x 3.89167 x 7.22502 0.968345 x 0.966995 x
emin x 0.377665 x 0.128937 x x 0.553372 x 0.151206 x 0.267816 0.967581 x 0.248926 x
e¯ x 0.38798 x 0.16766 x x 0.56381 x 0.28348 x 0.64717 0.968 x 0.96617 x
σ(e) x 2.96e-3 x 0.0347 x x 2.67e-3 x 0.18975 x 0.47841 1.025e-4 x 0.01839 x
reg.par. x 1 x 0.0306806 x x 1 x 0.0356374 x 1.677e-4 1 x 0.999333 x
2
%
n
l
emax x 0.218418 x 1.2439 x x 0.299022 x 2.05708 x 7.98943 0.413507 x 0.228358 x
emin x 0.198588 x 0.066161 x x 0.187861 x 0.118871 x 0.228114 0.389721 x 0.088958 x
e¯ x 0.20743 x 0.16357 x x 0.23703 x 0.21752 x 0.60093 0.40162 x 0.16603 x
σ(e) x 2.79e-3 x 0.02574 x x 0.01658 x 0.17003 x 0.51234 3.941e-3 x 0.01742 x
reg.par. x 0.13262 x 0.0273778 x x 6.405e-3 x 6.403e-3 x 8.736e-5 1.04e-3 x 1.008e-4 x
Tab. 6: Summary of the Monte Carlo experiment with rule H2 applied to nrm,tik,tsvd,sw and
cg for the two noise levels on the three tests problems shaw, baart and heat.The x
indicates columns where the average relative error is greater than 1.
H1
heat
nrm tik tsvd sw cg
4%
n
l
emax 0.962294 0.968345 x 0.966995 0.314004
emin 0.267733 0.967581 x 0.966207 0.196006
e¯ 0.73711 0.968 x 0.96665 0.2548
σ(e) 0.3040 1.025e-4 x 1.065e-4 0.02256
reg.par. 0.64709 1 x 1 0.1522
2%
n
l
emax 0.261773 0.413507 x 0.576622 0.235608
emin 0.187784 0.25434 x 0.226524 0.118365
e¯ 0.2261 0.36496 x 0.52891 0.20326
σ(e) 0.01094 0.04828 x 0.10989 0.01554
reg.par. 1.642e-3 8.135e-4 x 5.594e-3 0.1229
Tab. 7: Summary of the Monte Carlo experiment with rule H1 applied to nrm,tik,tsvd,sw and
cg for the two noise levels on the test problem heat.The x indicates columns where the
average relative error is greater than 1.
LC
V shaw baart
nrm tik tsvd sw cg nrm tik tsvd sw cg
4
%
n
l
emax 0.237316 0.238876 0.186581 0.239964 0.186546 0.348385 0.362202 0.348214 0.348893 0.346263
emin 0.096168 0.082638 0.169889 0.087736 0.159991 0.181454 0.180919 0.345054 0.18049 0.337497
e¯ 0.16075 0.15554 0.17112 0.16065 0.16917 0.26562 0.26142 0.34527 0.27845 0.34174
σ(e) 0.01818 0.02355 1.437e-3 0.01931 2.664e-3 0.03412 0.02758 2.804e-4 0.04829 1.26e-3
reg.par. 0.03472 8.899e-3 0.25 0.03802 0.25 0.02471 9.998e-3 0.5 0.04848 0.5
2%
n
l
emax 0.245324 0.243518 0.281998 0.245056 0.276412 0.273046 0.27934 0.240446 0.274307 0.243326
emin 0.052097 0.048994 0.146842 0.051787 0.060724 0.162974 0.14908 0.166265 0.15763 0.158944
e¯ 0.12994 0.12848 0.1598 0.12998 0.14911 0.19394 0.19351 0.17416 0.19351 0.17377
σ(e) 0.02828 0.03026 0.01637 0.0282 0.0297 0.01828 0.01885 0.01036 0.01832 0.01068
reg.par. 7.769e-3 2.173e-3 0.2 3.491e-3 0.21322 9.38e-3 2.34e-3 0.33333 4.392e-3 0.33333
Tab. 8: Summary of the Monte Carlo experiment with LCV rule applied to nrm,tik,tsvd,sw and
cg for the two noise levels on the two tests problems shaw and baart
satisfactory errors.
• For the mildly ill-posed test problems shaw and baart, the best heuristic rule for the new method
is the variant of the L-curve method. Indeed, from Table 1 and two first columns of Figure 5, we
notice that the relative errors produced by the LCV rule are near the optimal ones. Moreover,
the LCV rule is very stable with respect to the noise in y and both the relatives errors and the
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LC
V heat
nrm tik tsvd sw cg
4
%
n
l
emax 0.306221 0.328995 0.364771 0.334528 0.345675
emin 0.101507 0.113791 0.134865 0.103206 0.120651
e¯ 0.19349 0.20276 0.2104 0.19778 0.19995
σ(e) 0.02709 0.02928 0.03006 0.02904 0.02629
reg.par. 8.842e-4 5.708e-5 0.06756 1.253e-4 0.10016
2
%
n
l
emax 0.289426 0.29641 0.345262 0.295178 0.30907
emin 0.081314 0.089006 0.100711 0.083142 0.086875
e¯ 0.16643 0.18146 0.17867 0.16141 0.16292
σ(e) 0.02929 0.02828 0.03907 0.02992 0.03034
reg.par. 3.245e-4 1.245e-5 0.05105 2.233e-5 0.06903
Tab. 9: Summary of the Monte Carlo experiment with LCV rule applied to nrm,tik,tsvd,sw and
cg for the two noise levels on the test problem heat.
regularization parameters decrease as the noise level decreases. The second best rule is rule H1
which is also stable and convergent but produces relative errors larger than the one of LCV rule.
Finally the rules DQO, GCV and H2 are unstable and produce large relative error norm.
From Tables 3 to 9, we apply the five selection rules GCV, DQO, H1, H2 and LCV to each regularization
method. Obviously the GCV rule cannot be applied to conjugate gradient method due to its non-linear
character. Although, the DQO is originally designed for continuous regularization methods, notice
that the rule defined in (56) can be applied to regularization methods with discrete regularization
parameter such as truncated singular value decomposition and conjugate gradient. Indeed, we can
applied the DQO rule to tsvd and cg by replacing xδαn by x
δ
k in (56). Similarly the rules H1 and H2
originally designed for continuous regularization methods may be applicable to discrete regularization
by defining the regularization parameter α as the inverse of the discrete parameter k. Following that
idea, we applied the rules H1 and H2 to tsvd and cg by replacing α by 1/k in (57) and (58).
From Tables 3 to 9, we can do the following comments:
• The variant of the L-curve method defined through (59) is a very efficient heuristic parameter
choice rule for each considered regularization method. Indeed, from Tables 8 and 9, by looking
at the standard deviation σ(e) of the relative error, we see that the LCV rule is stable for
each regularization method, each test problem and each noise level. Next, the rule exhibits a
convergent behavior for each test problem and each regularization method since the average
relative error e¯ and the average regularization parameter reg.par. decrease as the noise level
decreases. Finally from Tables 3 to 9, we find that the LCV rule always yields the smallest
average relative error e¯ among all the heuristic rules considered except in 4 cases (out of 30 cases
in total) : baart test problem with 4% noise level for Showalter method and heat test problem
with 2% noise level for the new method, Tikhonov and Showalter method. Notice that in each
of those four cases, LCV rule yields the second best average relative error e¯ after the DQO rule.
• For the exponentially ill-posed test problem heat, Table 10 summarizes the best heuristic rules
for each regularization method:
• For the mildly ill-posed test problems shaw and baart, the best heuristic rule is always the LCV
rule. For the new method, Tikhonov, truncated singular value decomposition and conjugate
gradient, the LCV rule is followed by rule H1 whereas for the Showalter method, the LCV rule
is followed by rule H2.
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nrm tik tsvd sw cg
best heuristic rules DQO,LCV DQO,LCV LCV DQO,LCV LCV
Tab. 10: Summary best heuristic rules for each regularization method for the exponentially
ill-posed test problem heat.
• For the exponentially ill-posed test problem heat, by comparing the five regularization methods
combined each with its best heuristic selection rule among GCV, DQO, H1, H2 and LCV, we
see that the new method equipped with the DQO rule (resp. the LCV rule) for 4% noise level
(resp. for 2% noise level) yields the smallest average relative error e¯ (about 2% smaller than the
second best average relative error). For 4% noise level, the second smallest average relative error
is achieved by Showalter method equipped with LCV rule whereas for 2% noise level, the second
smallest average relative error is achieved by Tikhonov method equipped with DQO rule.
• For the two mildly ill-posed problems shaw and baart, by comparing the five regularization
methods combined each with its best heuristic selection rule among GCV, DQO, H1, H2 and
LCV, we notice there is no regularization method which always yields the smallest average
relative error. For the shaw test problem, Tikhonov method with LCV rule yields the smallest
average relative error e¯. For the baart test problem, for 4% noise level, the smallest average
relative error is obtained by the Showalter method equipped with the DQO rule. However, for
this test problem, the DQO rule is not converging for the Showalter method as the average
relative error e¯ increases from 0.26028 to 0.63955 as the noise level decreases from 4% to 2%. If
we discard Showalter with DQO rule, then for 4% noise level, the smallest average relative error
are obtained by Tikhonov method equipped with LCV rule while for 2% noise level, the smallest
average relative errors are obtained from conjugate gradient method equipped with LCV rule.
Remark 6. From Tables 1 to 9, we see that, the heuristic parameter choice rule LCV yields very satis-
factory results for each considered regularization method. This reinforces the idea that the Bakushinskii
ve´to [3] should not be seen as a limitation of heuristic parameter choice rule but rather as a safeguard
to be taken into account.
In summary, we see that for the exponentially ill-posed test problem heat, the new regulariza-
tion method always yields the smallest average relative error among the five considered regularization
methods even when we consider heuristic parameter choice rules. Hence in practical situation of
exponentially ill-posed problems, we expect the new method to perform better than the other regular-
ization methods (Tikhonov, truncated singular value decomposition, Showalter method and conjugate
gradient).
7 Conclusion
In this paper, we presented a new regularization method which is particularly suitable for linear expo-
nentially ill-posed problems. We study convergence analysis of the new method and we provided order
optimal convergence rates under logarithmic source conditions which has a natural interpretation in
term of Sobolev spaces for exponentially ill-posed problems. For a general source conditions expressed
via index functions, we only provided quasi order optimal rates. From the simulatins performed, we
saw that the new method performs better than Tikhonov method, spectral cut-off, Showalter and
conjugate gradient for the considered exponentially ill-posed problem, even with heuristic parameter
choice rules. For the two mildly ill-posed problems treated, we saw that the new method actually yields
results quite similar to those of Tikhonov and Showalter methods. The results of Section 6, where we
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applied five error-free selection rules to the five regularization methods suggest that the variant of the
L-curve method defined in (59) and the discrete quasi-optimality rule defined in (56) are very efficient
parameter choice rules for the new method in the context of exponentially ill-posed problem. In the
context of mildly ill-posed problems, the results of experiments suggest that the LCV rule described
in Section 6 is preferable.
Interesting perspectives would be a theoretical analysis of the LCV and DQO rules for the new
regularization method in the framework of exponentially ill-posed problems in order to shed light on
their good performances.
Acknowledgements: The author would like to thank Pierre Mare´chal, Anne Vanhems for their
helpful comments, readings and remarks.
8 Appendix
Proof of Proposition 1. Let us state the following standard inequality that we will use in the sequel:
∀ t ≥ 0, exp(−t) ≤ 1
1 + t
. (60)
Using (60) applied with t = −√α ln(λ) ≥ 0, we get
1− exp(√α ln(λ)) ≥ 1− 1
1−√α ln(λ) =
−√α ln(λ)
1−√α ln(λ) =
√
α
| ln(λ)|
1 +
√
α| ln(λ)| . (61)
But since α < 1, 1 +
√
α| ln(λ)| < 1 + | ln(λ)|. Furthermore For all λ ≤ a < 1, by the monotonicity of
the function t −→ | ln(t)|/(1 + | ln(t)|) = − ln(t)/(1− ln(t)) on (0, 1), we get that
| ln(t)|
1 + | ln(t)| ≥
| ln(a)|
1 + | ln(a)| ∀ t ∈ (0, a).
By applying the above inequality to (61) and taking the square, we get:
∀λ ∈ (0, a), (1− λ
√
α)2 ≥Mα with M =
( | ln(a)|
1 + | ln(a)|
)2
.
Whence the following inequality:
1
λ+ (1− λ√α)2 ≤
1
λ+Mα
, (62)
which implies that
√
λgα(λ) ≤ λ
1/2
λ+Mα
. (63)
It is rather straightforward to prove that the supremum over λ ∈ (0, 1) of the right hand side of (63)
is of order α−1/2 from which we deduce that
sup
λ∈(0,a]
√
λgα(λ) = O
(
1√
α
)
(64)

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Proof of Lemma 1. Let λ ∈ (0, 1). On the one hand, by applying the estimate (1 − exp(t)) ≥
−t/(1− t) which holds for all t < 0 to t = √α ln(λ) and by taking squares, we have:
(1− λ
√
α)2 ≥ α| ln(λ)|
2
(1 +
√
α| ln(λ)|)2 . (65)
On the other hand, using the estimate t2 ≥ (1− exp(t))2 valid for all t < 0 to t = √α ln(λ), we get
(1− λ
√
α)2 ≤ α| ln(λ)|2 (66)
Now, for α ≤ λ < 1, | ln(α)| ≥ | ln(λ)| which implies that √α| ln(λ)| ≤ √α| ln(α)|. Using the estimate
tµ ln(1/t) ≤ µ which is true for all t in (0, 1) and every positive µ to t = λ and µ = 1/2, we deduce
that
1 +
√
α| ln(α)| ≤ 3/2. (67)
So, from (65) and (67), we deduce that
(1− λ
√
α)2 ≥ 4
9
α| ln(λ)|2 (68)
which implies that
rα(λ) ≤ (1− λ
√
α)2
λ+ (4/9)α| ln(λ)|2 (69)
Finally, applying (66) and the fact that λ ≥ (4/9)λ to (69) yields (22). 
Proof of Lemma 2. (i) It is straightforward to check that (31) is indeed the derivative of the
function Ψp,α.
(ii) First notice that limλ→0 h(λ) = +∞, hence, it suffices to find a λ¯ such that h(λ¯) < 0 to
deduce the existence of a root of the function h on (0, λ¯]. If p < 2, then h(1) < 0. If p = 2, then
h(λ) = | ln(λ)|(2α| ln(λ)| − λ). Thus, h(λ) < 0 for λ close to 1 but smaller than 1. If p > 2, then
limα→0 h(λ) = λ(p− 2 + ln(λ)) < 0 for all λ < exp(2− p).
Now let us show that for every λ(p, α) which vanishes h, (33) holds.
h(λ) = 0 =⇒ α = λ| ln(λ)|−1
(
2− p+ | ln(λ)|
p| ln(λ)|
)
(70)
by monotonicity of the function t→ (2− p+ t)/(pt) (irrespective of the sign of 2− p) and t→ | ln(λ)|,
we get that the function l(λ) = 2−p+| ln(λ)|p| ln(λ)| is monotonic. If p < 2, the function l is increasing and we
then get that, for all λ ∈ (0, c] with c < 1,
1
p
≤ l(λ) ≤ l(c). (71)
On the other hand, if p ≥ 2, the function l is decreasing and for λ ∈ (0, c] with c < exp (2− p), we get
l(c) ≤ l(λ) ≤ 1/p. (72)
From (70), (71) and (72), we deduce that
h(λ) = 0 =⇒ α ∼ λ| ln(λ)|−1. (73)
From [37, Lemma 3.3], we get that
α ∼ λ| ln(λ)|−1 ⇒ λ ∼ α| ln(α)|(1 + o (1)) for α→ 0.
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This shows that the maximizers λ(p, α) of the function Ψp, α satisfies (33). Now let us deduce (34).
We have
α| ln(α)|pΨp,α(α| ln(α)|) = | ln(α)|
p × | ln(α| ln(α)|)|2−p
| ln(α)|+ | ln(α| ln(α)|)|2 < | ln(α)|
p × | ln(α| ln(α)|)|−p
With the change of variable % = | ln(α)| (i.e. α = exp (−%)), we have
| ln(α)|p × | ln(α| ln(α)|)|−p = %
p
| ln(% exp(−%))|p
=
%p
| − %+ ln(%)|p
=
%p
(%− ln(%))p → 1 as %→∞.
This proves that
α| ln(α)|pΨp,α(α| ln(α)|) = O (1)
and thus from (33), we deduce that (34) holds.

Proof of Proposition 3. For simplicity of notation, let α := α(δ, yδ). In order to establish
(42), we are going to bound the terms ||x† − xα|| and ||xα − xδα|| separately. Let us start with the
regularization error term. Given that x† ∈ Xfp(ρ), we have x† = fp(T ∗T )w and thus x† − xα =
rα(T
∗T )x† = fp(T ∗T )rα(T ∗T )w. Hence by applying [20, Proposition 1] to x† − xα, we get
||x† − xα|| ≤ ||rα(T ∗T )w||
√
φ−1p (||y − Txα||2/ρ2) ≤ ρ
√
φ−1p (||y − Txα||2/ρ2). (74)
From (28) and (74), we deduce that
||x† − xα|| ≤ ρfp
(||y − Txα||2/ρ2) (1 + o(1)). (75)
But
||y − Txα|| ≤ ||yδ − Txδα||+ ||y − Txα − (yδ − Txδα)||
≤ δ +
√
δ + ||rα(T ∗T )(y − yδ)||
≤ 2δ +
√
δ
=
√
δ(2
√
δ + 1). (76)
From (75) and (76), we deduce that
||x† − xα|| ≤ ρfp
(
δ(2
√
δ + 1)2/ρ2
)
(1 + o(1)). (77)
Using (77) and the fact that
fp
(
δ(2
√
δ + 1)2/ρ2
)
fp(δ)
=
( − ln(δ)
− ln(δ)− 2 ln(1 + 2√δ) + 2 ln(ρ)
)p
→ 1 as δ → 0, (78)
yields
||x† − xα|| = O (fp(δ)) as δ → 0. (79)
Now let us estimate the propagated data noise term. Let α¯ = qα with q ∈ (1, 2). From (41), since
α¯ > α, we get
||Txδα¯ − yδ|| > δ +
√
δ. (80)
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Therefore,
||Txα¯ − y|| ≥ ||Txδα¯ − yδ|| − ||T (xδα¯ − xα¯)− (yδ − y)||
> δ +
√
δ − ||rα¯(T ∗T )(yδ − y)||
≥ δ +
√
δ − δ
=
√
δ. (81)
On the other hand, ||Txα¯ − y|| = ||T (xα¯ − x†)|| = ||(T ∗T )1/2(xα¯ − x†)|| = ||(T ∗T )1/2rα¯(T ∗T )x†||.
By applying (44) with ϕ(t) =
√
t and  = 1/8, we get that there exists a constant C such that
||(T ∗T )1/2rα¯(T ∗T )x†|| ≤ Cα¯3/8. This implies that
||Txα¯ − y|| ≤ Cα¯3/8. (82)
From (81) and (82), we deduce that α¯3/8 ≥ √δ/C which implies that α¯ ≥ C¯δ4/3 with C¯ = C−8/3.
From (21), (39), the above lower bound of α¯ and the fact that α > α¯/2, we get that, there exists a
positive constant C ′ such that
||xα − xδα|| ≤ C ′
δ√
α
≤ C ′
√
2
δ√
α¯
≤ C ′
√
2/C¯
δ√
δ4/3
= δ1/3C ′
√
2/C¯. (83)
Given that δ1/3 = O (fp(δ)) as δ → 0, we deduce that ||xα − xδα|| = O (fp(δ)) as δ → 0 which together
with (79) implies (42). 
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